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1. INTRODUCTION 
The problem of controllability of nonlinear systems represented by ordinary differential equations 
in infinite-dimensional spaces has been extensively studied by several authors [1-4]. Chukwu and 
Lenhart [5] have studied controllability of nonlinear systems in abstract spaces. Klamka [6,7] 
considered the dynamical control systems described by nonlinear abstract differential equations 
and derived the sufficient conditions for controllability of nonlinear systems by using the Schauder 
fixed-point heorem. Naito [8] established the controllability for nonlinear Volterra integrodif- 
ferential systems. Zhou [9] investigated the approximate controllability for a class of semilinear 
abstract equations. Zhang [10] studied the local exact controllability of semilinear evolution sys- 
tems by means of the contraction mapping principle. Naito [11] has studied the controllability of 
semilinear systems whereas Yamamoto and Park [12] considered the same problem for a parabolic 
equation with uniformly bounded nonlinear term. Recently, Balachandran and Sakthivel [13,14] 
studied the controllability of integrodifferential systems and functional semilinear integrodiffer- 
ential systems in Banach spaces. The purpose of this paper is to study the controllability of 
semilinear integrodifferential systems in Banach spaces by using the semigroup theory and the 
Schaefer fixed-point heorem. 
2. PREL IMINARIES  
Consider the semilinear integrodifferential system of the form 
( /0 ) d-7 [x(~) + g(t, x(t))] = Ax(~) + (B~)(t) + f ~, x(~), h(t, s, ~(~')) ds , t • J = [0, hi, (1) 
x(0)  = x0, 
This work was supported by Inha University Research Grant. 
0898-1221/04/$ - see front matter (~) 2004 Elsevier Ltd. All rights reserved. Typeset by .A.A4S-TE X
doi: 10.1016/S0898-1221 (04)00043-4 
520 R. SAKTHIVEL AND Q. H. CHOI 
where the state x(.) takes values in a Banach space X with the norm ][. [[ and the control 
function u(.) is given in L2(J, U), a Banach space of admissible control functions with U as a 
Banach space. A is the infinitesimal generator of a strongly continuous emigroup of bounded 
linear operators T(t), t > 0 in the Banach space X and h : J x J × X -+ X, f : J × X × X --+ X, 
g : J × X --* X are continuous functions and B is a bounded linear operator from U into X. 
DEFINITION 1. (See [15,16].) A solution x • C([0, b) : X )  is a mild soIution of problem (1) if the 
following holds: x(O) = xo; for each 0 < t < b and s • [0, t), the function AT( t -  s)g(s,x(s)) is 
integrable and the integral equation 
x(t) = T(t)[x0 + g(0, x0)] - g(t, x(t)) - AT( t  - s)g(s, x(s)) ds 
is satisfied. 
DEFINITION 2. System (1) is said to be controllable on the interval Y if for every xo,xl  • X ,  
there exists a control u • L2(J, U) such that the mild solution x(.) of (1) satisfies x(b) = Xl. 
We need the following fixed-point heorem due to Schaefer [17]. 
SCHAEFER'S THEOREM. Let E be a normed Bnear space. Let F : E -* E be a completely 
continuous operator, i.e., it is continuous and the image of any bounded set is contained in a 
compact set, and let 
¢(F) = {x E E; x = AFx for someO < A < l}. 
Then either ¢(F) is unbounded or F has a fixed point. 
We assume the following hypotheses. 
(i) A is the infinitesimal generator of a compact semigroup of bounded linear operators T(t) 
in X such that 
HT(t)H <_ MI, for some M~ > 1 and for each t > O, ]IAT(t)]I <_ M2, M2 >_ O. 
(ii) The linear operator W : L2(J, U) ~ X ,  defined by 
= T(b - s)B (s)as, 
has an induced inverse operator l~ -1 which takes values in L2(J, U) /kerW and there 
exists a positive constant M3 such that IIBI~-lll < Ma (see [18]). 
(iii) The function g is completely continuous and there exists a constant M4 > 0 such that 
IIg(t,x)ll < M4, t e J, x e X. 
(iv) For each t, s E J × J the function h(t, s, .) : X --* X is continuous and for each x c X the 
function h(., .,x) : J × J --+ X is strongly measurable. 
(v) For each t E J the function f ( t , . ,  .) : X × X ~ X is continuous and for each x ,y  e X the 
function f(., x, y) : J ~ X is strongly measurable. 
(vi) For every positive integer k there exists c~k E L 1 (0, b) such that for a.e. t E J 
/o' ) sup t ,x(t) ,  h( t ,s ,x(s) )ds  <_ ak(t). II~ll<_k 
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(vii) There exists a continuous function m : d ~ [0, oc) such that 
fo t ds h(t,s,x) <_ m(t)fl(llxll), t e J, x E X, 
where f~ : [0, oc) --* (0, oc) is a continuous nondecreasing function. 
(viii) There exists a continuous function p : d --* [0, oc) such that 
I]f(t,x,y)ll < p(t)ao(llxll) + llyll, rE J, x, y e X, 
where f~0 : [0, oe) --~ (0, oe) is a continuous nondecreasing function. 
(ix) 
fo ~ ~ ds Mlrh(s) ds < ft0(s) -I- f~(s) '
where c = Ml([[xo[] + M4) + M4 + M2M4b + MINb, ~(t) = max{p(t),m(t)}, and 
[ ; l N=M3 [ Ix l l I+MI( I lxol I+M4)+M4+M2M4b+M1 [p(s)~o(llxll)+m(s)~(llxll)] ds . 
Then system (1) has a mild solution of the following form: 
x(t) = r ( t ) [x0  + g(0, x0)] - g(t, x(t)) - AT(t  - s)g(s, x(s)) ds 
(2) 
+ forT ( t - s ) [ (Bu) (s )+f  (s,x(s), ~s h(s,%x('r))dr)]ds, t E d. 
In order to study the controllability problem of (1) we introduce a parameter A C (0, 1) and 
consider the following system: 
( /o ) d--t Ix(t) + Ag(t, x(t))] = Ax(t) + A(Bu)(t) + Af t, x(t), h(t, s, x(s)) ds , t e J, (3) 
z(o) = Axo 
Then for system (3) there exists a mild solution of the following form: 
/0 x(t) = AT(t)[xo + g(0, x0)] - Ag(t, x(t)) - A AT(t - s)g(s, x(s)) ds 
/o [ ( /o )l +a T( t - s )  (Bu) (s )+f  s,z(s), h (s , r , z ( r ) )&  ds, te J .  
3. CONTROLLABIL ITY  RESULT  
THEOREM. / f  Hypotheses O)-(ix) are satisfied, then system (1) is controllable on J. 
PROOF. Consider the space C = C(J, X) the Banach space of all continuous functions from J 
into X with sup norm. 
Using Hypothesis (ii) for an arbitrary function x(.) define the control 
[ U(t) = ~V -1 Xl - -  T(b)(zo + g(O, ~o)) + g(b, z(b)) + AT(V - s)g(s, ~(s)) ds 
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We shall now show that when using this control, the operator F : C --~ C defined by 
/o' (Fx) (t) = T(t)[x0 + g(0, x0)] - g(t, x(t)) - AT(t ~ s)g(s, x(s)) ds 
+ forT( t -s ) [ (Bu)(s )+f  (s,x(s), foSh(s,'r,x('r))d~-)l ds 
has a fixed point. This fixed point is then a solution of equation (2). 
Clearly, x(b) = Xl, which means that the control u steers the semilinear integrodifferential 
system from the initial state x0 to xl in time b, provided we can obtain a fixed point of the 
nonlinear operator F. 
First, we obtain a priori bounds for the following equation: 
x(t) = ),T(t)[xo + g(0, ~o)] - ag(t, ~(t)) - ), AT(t - s)g(s, x(s)) es 
/: [ +), T(t-rl)Bl2V -1 xl-T(b)[xo+g(O, xo)]+g(b,x(b)) 
We have 
;E IIz(t)ll <_MI(IlxolI+M4)+M4+M2M4b+M1 Ma IIx~ll+Ml(llxoll+M4)+M4 
b ,~(s)~(,,x(s),,)] ] +M2M4b + M~ fjo [P(S)~°(l[z(s)l]) + ds d~ 
i' + M~ [p(s)ao(llx(s)ll) + m(s)a(llx(s)ll)] ds 
i' _< M~( I lxo l I+M4)+M4+M2M4b+ M~Nds 
/o' + M1 [p(s)~to(llx(s)ll) + m(s)a(Hx(s)]l) ] ds 
<_ MI(IlxolI + M4) + M4 + M2M4b + M~Nb + M~ [p(s)ao(llx(s)ll) 
+~(s)a(l l~(s)l l) l  ds. 
Denoting by v(t) the right-hand side of the above inequality we have v(0) = M~(II~oll + M4) + 
M4 + M2M4b + M~Nb = c, IIx(t)ll _< v(t), and 
v'(t) = Mlp(t)ao( l lz(t ) l l )  + Mlm(t )a( l lx ( t ) l l )  
< M~p(t)ao(v(t)) + M~m(t)a(v(t)) 
<_ M~m(t) [ao(v(t)) + a(~(t))l. 
This implies 
~ .(t) ds ~o b ~ ds (o) ~o(s) + ~(s) -~ MirTh(s) ds < ~o(S) -t- ~(s)'  t~J .  
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This inequality implies that there is a constant K such that v(t) <_ K,  t E J ,  and hence, 
Ilx(t)l I _< K, t c J, where K depends only on b and on the functions ~,  f~o, and f~. 
In the second step, we must prove that the operator F : C -~ C defined by 
~0 t (Fx) (t) = T(t)[xo + g(0, Xo)] - g(t, x(t)) - AT(t - s)g(s, x(s)) ds 
/: [ + T( t -~)BW -1 x~-T(b) [~o+~(O,~o)]+g(b,~(b) )  
is a completely continuous operator. 
Let Bk = {x E C : [IxiI < k} for some k >_ 1. We first show that F maps Bk into an 
equicontinuous family. Let x E Bk and tl,t2 E J. Then if 0 < tl < t2 _< b, 
II (Fx)(h) - (F~)(t2)II 
-< [I IT(t1) - T(t~)] [~o + g(0, xo)] II + IIg(tl, x(t~)) - g(t2, ~(t2))II 
-[- [T(tl - ~/) - T(t2 - ~/)]BI/V -1 xl - T(b)[xo -}- g(0, xo)] -{- g(b, x(b)) 
/: [ + T(t2-71)BITV -1 xl-T(b)[xo+g(O, xo)]+g(b,x(b)) 
~- ~tl[T@l-8 ) -T(t2-8)] f Qs, x(s),~Sh(s,T,X(T))dT)ds 
_< II[T(tl) - T(t2)][xo + g(0, xo)]II + Iig@l, x@l)) - -  g(t2,x(t2))]I 
+ IIA[T(tl - s) - T(t2 - s)] IIM4 ds + IIAT(t2 - ~)IIM4 d~ 
+ IT(tt -~) -T ( t2  - ~)lMa Ilxl[I + Ml[l[Xoll +M4]  
; ] + M4+M2M4b+M1 c~k(s)ds dr~ 
i; [ + IT(t~ -~) IM3 iI~ll +Ml[llzoll +M4] 
+ M4+M2M4b+M1jof c~k(s)ds d~ 
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/? fl + NT( t l  - s)  - T ( t2  - s)IIc~k(s) ds  + l iT ( t2  - s ) f rak(s )  ds .  
The right-hand side is independent o fx  E Bk and tends to zero as t2 - t l  --* 0, since 9 is completely 
continuous and the compactness of T(t) for t > 0 implies the continuity in the uniform operator 
topology. Thus, F maps Bk into an equieontinuous family of functions. 
Notice that we considered here only the case 0 < t l  < t2, since the other cases t l  < t2 < 0 or 
t l  < 0 < t2 are very similar. 
It is easy to see that the family FBk is uniformly bounded. Next, we show FBk is compact. 
Since we have shown FBk is an equicontinuous collection, it suffices by the Arzela-Aseoli theorem 
to show that F maps Bk into a precompact set in X. 
Let 0 < t _< b be fixed and e a real number satisfying 0 < e < t. For x C Bk we define 
(F~x) (t) = T(t)[xo + g(O, xo)] - g(t, x(t)) - AT(t - s)g(s, x(s)) ds 
+ T( t -v )B# -1 xl-T(b)[xo+g(O, xo)]+g(b,x(b)) 
~0 t-E = T(t)[xo + g(O, xo)] - g(t, x(t)) - T(e) AT(t - s - e)g(s, x(s)) ds 
/o' [ +T(E) T ( t -~-c )BW -1 x l -T(b)[xo+g(O,  xo)]+g(b,x(b)) 
Since T(t) is a compact operator, the set Y~(t) = {(FEx)(t) : x E Bk} is precompaet in X for 
every e, 0 < e < t. Moreover, for every x C Bk we have 
II ( Fx ) ( t )  - (F¢x)(t)II 
<_ HAT(t - s)g(s, ~(s))ll ds 
+ ~ -v )B# -~ x~-T(b) [x0+g(0 ,~0) ]+g(b ,~(b) )  
/i I <_ HAr(t -s) [ lM4ds+ [IT(t-~)HMa [Ix~ll+M~[l[xoll+M4]+M4 E E 
] + M2M4b + M1 fjo ak(s) ds dr1 
/i + IIr(t - s)[lak(s) ds. 
E 
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Therefore, there are precompact sets arbitrarily close to the set {(Fx)(t) : x C Bk}. Hence, the 
set {(Fx)(t):x e Bk} is precompaet in X. 
X co It remains to show that F : C ~ C is continuous. Let { ~}0 C C with x~ --~ x in C. Then 
there is an integer r such that ]]Xn(t)] I < r for all n and t C d, so x~ E B~ and x E B~. By (v), 
f (t,x~(t), foth(t,s,x~(s))ds] ~f  (t,x(t), foth(t,s,x(s))ds] 
for each t E d and  since 
f (t,x~(t), ffoth(t,s,x~(s))ds] - f (t,x(t), foth(t,s,x(s))ds] < 2a~(t) 
and also g is completely continuous, we have by dominated convergence theorem 
I IFxn - Fxl l  
/0 = sup H [g(t, x,,(t)) - g(t, x(t))] I] + AT(t - s)[g(s, x~(s)) - g(s, x(s))] ds tE J  
+ fo T(t - ~?)BIfV -1 AT(b - s)[g(s, xn(s)) - g(s, x(s))] ds 
+ fobT(b-s)f (s,xn(s), fo~h(s,%xn(T)) dT] - f (s,x(s), ffoSh(s,%x(~-))dT]] (~)d~ 
+/oCT(t-s) If (s,x~(s), fo~g(s,%x,,(T))d~-) - f (s,x(s), foSg(s,%x(~-))d~-]] ds 
b 
<_ IIg(t, xn(t)) - g(t, x(t))ll + fo IIAT(t - ~)11 IIg(~, xn(~)) - g(~, x(~))ll ds 
+ fo HT(t-v)IIM3 M2 [g(S, Xn(S))-g(8,x(s))]ds 
+ Ml foo b f (S, Xn(S),~Sh(s,7, x~(~-))dT] - f (s,x(s), fo~h(s,T,x(7))dT) I d~ 
+ fo b HT(t-s) l l f  (S, Xn(S), fo ~ h(s,'r,x~@))d'r] 
( /o ) - f s,x(s), h(s,v,x(T))d7 ds--*O, asn--*c~. 
Thus, F is continuous. This completes the proof that F is completely continuous. 
Finally, the set ~(F) = {x C C : x = )~Fx, A E (0, 1)} is bounded, as we proved in the first step. 
Consequently, by Schaefer's theorem the operator F has a fixed point in C. This means that any 
fixed point of F is a mild solution of (1) on o r satisfying (Fx)(t) = x(t). Hence, system (1) is 
controllable on d. 
4.  EXAMPLE 
Consider the following partial integrodifferential equation of the form: 
( /0 ) o~[Z( t ,y )+, l ( t , z ( t ,y ) ) l=  8-~y~z(t ,y )+, ( t ,y )+,2  t,z(t,y),  ,3(t ,s ,z(~,y) lds , 
z(t, o) = z(t, 1) = 0, 
z(O,y)=zo(y), 0<y<l ,  t e J=  [0,1]. 
(4) 
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Take X = L 2 (J) and let g(t, w)(y) = #1 (t, w(y)), h(t, s, w)(y) = ~3 (t, 8, W (y)), and f ( t ,  w, a)(y) =  2(t, 
Let Bu : J ~ X be defined by 
(Bu)(t)(y) = #(t,y), y e (0, 1). 
Assume that the linear operator W is given by 
°°f01 = exp  - s ) )  n=l  y e (0, 1), 
has a bounded invertible operator 17d -1 in L2(J, U)/ker W. 
Let A : X --* X be defined by Aw = w ~ with domain D(A) = {w C X : w, w ~ are absolutely 
continuous, w" e X, w(0) = w(1) = 0}. Then 
Aw = E ( -n2)  (w,w~)w~, w c D(A), 
n=l  
where wn(y) = V~sinny,  n = 1, 2, 3 , . . . ,  is the orthogonal set of eigenvectors of A. 
It is well known that A is the infinitesimal generator of an analytic semigroup T(t), t > 0 in X 
and is given by 
T(t)w = E exp ( -n2t )  (w, Wn)Wn, W E X. 
n=l  
Since the analytic semigroup T(t) is compact, there exist constants N1 _> 1 and N2 > 0 such that 
[]T(t)t[ _< N1 and [[AT(t)[[ <_ N2 for each t > 0. 
The functions #1, it2, and #s satisfy the following conditions. 
(i) The function #1 : J × X --* X is completely continuous and there exists a constant kl > 0 
such that 
I[,l(t,w)ll <_ kl- 
(ii) There exists a continuous function q : J --+ [0, c~) such that 
fo t#3(t ,s ,w)ds  <- q(t)~(l lwll) ,  
where f~l : [0, c~) ~ (0, co) is continuous and nondecreasing. 
(iii) There exists a continuous function l : J --* [0, cx~) such that 
11#2(t, wl, w2)][ ~ Z(t)~t2(l[wlll) + I1~11, 
where ~2:  [0, oo) --. (0, c~) is continuous and nondecreasing. 
Also, we have 
1Nlf i(s)ds < fh(s)  + ft2(s)'  
where c = Nl[llzoll + kl] + kl + N2kl + N1N, and ~(t) = max{/(t), q(t)}. Here N depends on A, 
#1, #2, and #3. Further, all the conditions stated in the above theorem are satisfied. Hence, 
system (4) is controllable on J. 
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